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Abstract 

We focus on the algorithm underlying the main result of [S]. This is an algebraic 
formula to generate all connected graphs in a recursive and efficient manner. The key 
feature is that each graph carries a scalar factor given by the inverse of the order of its 
group of automorphisms. In the present paper, we revise that algorithm on the level 
of graphs. Moreover, we extend the result subsequently to further classes of connected 
graphs, namely, (edge) biconnected, simple and loopless graphs. Our method consists of 
basic graph transformations only. 

The present paper is part of a program laid out in [5l[6] with the focus on the combinatorics 
of different kinds of connected graphs and problems of graph generation. In particular, the 
main result of [5] is a recursion formula to generate all trees. This result is generalized to 
all connected graphs in [6]. The underlying structure is a Hopf algebraic representation of 
graphs. In both cases, in a recursion step, the formulas yield linear combinations of graphs 
with rational coefficients. The essential property is that the coefficients of graphs are given by 
the inverses of the orders of their groups of automorphisms. Other problems in this context 
are considered in [3l[7], for instance. 
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In this paper, we express the algebraic recursion formula to generate all connected graphs 
given in [6], in terms of graphs. Moreover, we extend this result successively to (edge) bicon- 
nected, simple and loopless (connected) graphs. Crucially, as in [5l[6], the exact coefficients 
of graphs are obtained. 

Our method is based on three linear graph transformations to produce a graph with, 
say, m edges from a graph with m — 1 edges. Namely, (a) assigning a loop to a vertex; (b) 
connecting a pair of vertices with an edge; (c) splitting a vertex in two, distributing the ends 
of edges assigned to the split vertex, between the two new ones in a given way, and connecting 
the two new vertices with an edge. In particular, the last operation is (equivalently) defined 
for simple graphs in [2]. 

Furthermore, we consider a definition of graph which is more general than the one given in 
most textbooks on graph theory. In particular, we allow edges not to be connected to vertices 
at both ends. Clearly, all results hold when the number of these external edges vanishes 
and the standard definition of graph is recovered. However, as in [SJE], external edges are 
fundamental for the (induction) proofs. This is due to the fact that vertices carrying (labeled) 
external edges are distinguishable and thus held fixed under any symmetry. 

This paper is organized as follows: Section [T] reviews the basic concepts of graph theory 
that underly much of the paper. Section [2] contains the definitions of the basic linear maps 
to be used in the following sections. Section [3] translates the recursion formula to generate all 
connected graphs given in [6] , to the language of graph theory. Section U] extends this result 
to biconnected, simple and loopless (connected) graphs. The appendixes list all connected 
graphs (up to three edges), all biconnected graphs (up to four edges), all simple connected 
graphs (up to five edges), and all loopless connected graphs (up to four edges), with no 
external edges and together with their scalar factors. 

1 Graphs 

We briefiy review the basic concepts of graph theory that are relevant for the following 
sections. For more information on these we refer the reader to standard textbooks such as 

m- 

Let A and B denote sets. By [yl, S], we denote the set of all unordered pairs of elements of 
A and B, {a G A,b G B}. In particular, by [A]"^ := [^4, ^4], we denote the set of all 2-element 
subsets of A. Also, by 2^, we denote the power set of A, i.e., the set of all subsets of A. 
By card(74), we denote the cardinality of the set A. Finally, we recall that the symmetric 
difference of the sets A and B is given by AAB := {A U B)\{A f] B) . 

Let V = {vijiGN and /C = {ea}aeN be infinite sets so that V PI /C = 0. Let V d V; V ^ ^ 
and K C Khe finite sets. Let E = E-,^, U E,^, C [Kf and E;,,, n E,^, = 0. Also, let the 
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(a) (b) (c) 

Figure 1: (a) A loop; (b) A graph with both internal and external edges; (c) A graph with 
labeled external edges. Internal edges are represented by continuous lines, while the external 
ones are represented by dashed lines. 



elements of £^ satisfy {Cfl, e^'lnjefc, Cfe/} = 0. In this context, a graph is a triple G = {V,K,E) 
together with the following maps: 

(a) tpint :=r]o( : E,^, [V]'^ U V; {e^, e^'} ^ {vi,Vi/}, where 

• C ■■ Ei,,, ^ [K,V]U[K]^; C{{ea,ea'}) = {ea,Vi>} or C{{ea, ea'}) = {ca, ea'}] 

• 7]:[K,V]U [K]^ ^ [V]^UV; 7]{{ea,v,>}) = ??({ea,e,,}) = {v^,v,>}; 

(b) (^cxt : -E'cxt { } ^ {Vi,ea'}. 

The elements of V and E are called vertices and edges, respectively. In particular, the elements 
of E'int and E^^^ are called internal edges and external edges, respectively. Both internal and 
external edges correspond to unordered pairs of elements of K. The elements of these pairs 
are called ends of edges. In other words, internal edges are edges that are connected to 
vertices at both ends, while external edges have one free end. Internal edges with both ends 
assigned to the same vertex are also called loops. Two distinct vertices connected together by 
one or more internal edges, are said to be adjacent. Two or more internal edges connecting 
the same pair of distinct vertices together, are called multiple edges. For instance. Figure [1] 
(a) shows a loop, while Figure [1] (b) shows a graph with both multiple edges and external 
edges. A graph with no loops nor multiple edges is called simple. The degree of a vertex is 
the number of ends of edges assigned to the vertex. 

Let G = {V, K, E); E = E^^^ U Scxt, card(£^cxt) = s, together with the maps ipi^t and (^^xt! 
denote a graph. The external edges of the graph G are said to be labeled if their free ends 
are assigned labels xi, . . . ,Xs from a label set L = {xi, . . . ,Xs}. Labels on different ends of 
external edges are required to be distinct. In other words, a labeling of the external edges of 
the graph G, is an injective map I : -E^xt — ^ [K, L]; {ca, 1-^ {ca, Xz}, where z £ {1, . . . , s}. 
For instance. Figure [U (c) shows a graph with two vertices and four labeled external edges. 
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A graph G* = {V*,K*,E*); E* = E*^^ U together with the maps v?*^, and v?*^,, is 
called a subgraph of a graph G = (y, K,E); E = E^^^ U i^cxti together with the maps 9^int ^-iid. 
V'cxt, if V* CV,K* CK,E* <ZE and = V'intb*,,, = V'o.tb*,,. 

A path is a graph P = (V, K, .Bint); ^ = {vi, ■ ■ ■ , Vn}, n := card(y) > 1, together with the 
map so that ipi^t{Ei^^,) = {{vi,V2},{v2,vs}, . . . ,{vn-i,Vn}} and the vertices vi and f„ 
have degree 1, while the vertices f2, • • • ,Vn-i have degree 2. In this context, the vertices vi 
and Vn are called the end point vertices, while the vertices V2, ■ ■ ■ ,Vn-i are called the inner 
vertices. A cycle is a graph C = {V , K' , E[^^); V' = {vi, . . . , Vn}, together with the map 
so that V^Lti^L) = {{^^i> ^^2}, {v2,V3}, {vn-i,Vn}, {vn, vi}} and every vertex has degree 2. 
A graph is said to be connected if every pair of vertices is joined by a path. Otherwise, it is 
disconnected. Moreover, a tree is a connected graph with no cycles. A biconnected graph (or 
edge-biconnected graph) is a connected graph that remains connected after erasing one and 
whichever internal edge. By definition, a graph consisting of a single vertex is biconnected. 

Furthermore, let G = {V,K,E); E = E^^^ U -Bcxt, together with the maps ipi^^ and (/j^xt 
denote a graph. The set 2'^'"' is a vector space over the field Z2 so that vector addition is 
given by the symmetric difference. The cycle space C of the graph G is defined as the subspace 
of 2-^'"^* generated by all the cycles of G. The dimension of C is called the cyclomatic number 
of the graph G. Moreover, the cyclomatic number k := dimC yields in terms of the vertex 
number n := card(y) and the internal edge number m := card(-E'int) as k = m — n + c, where 
c denotes the number of connected components of the graph G [3] . 

Now, let L = {xi, . . . , Xs} be a finite label set. Let G = (V, K, E); E = E^^^UE^y.^, together 
with the maps (p^^t and (/j^xt, and G* = {V*,K*,E*); E* = E*^^U E*^^, together with the maps 
93*^^ and denote two graphs. Let I : E'cxt — ^ [-^;^] and /* : E*^^ [K*,L] be labelings of 
the elements of -Bcxt and of E*^^, respectively. An isomorphism between the graphs G and G* 
is a bijection tpy '■ V ^ V* and a bijection tpx '■ K K* which satisfy the following three 
conditions: 

(a) If (/7i„t({ ea,ea'}) = then ^p*nti{ipKiea),'4'K{ea')}) = {^pviv^),■^pv{vi')}^, 

(b) If V3ext({ea,ea'}) = {vi,ea'} then pt^t{'^K{ea),tpK{ea')} = {'4'v{vi),tpK{ea')}; 

(c) Lnl{{ea,ea'}) = Ln/*({^x(ea),V'i^(ea')})• 
Clearly, an isomorphism defines an equivalence relation on graphs. In particular, a vertex 
(resp. edge) isomorphism between the graphs G and G* is an isomorphism so that ipE (resp. 
ipv) is the identity map. In this context, a symmetry of a graph G, is an isomorphism of the 
graph onto itself (i.e, an automorphism). The order of the group of automorphisms of the 
graph G is called the symmetry factor, denoted by S'^. Also, a vertex symmetry (resp. edge 
symmetry) of a graph G, is a vertex (resp. edge) automorphism of the graph. The order of the 
group of vertex (resp. edge) automorphisms is called the vertex symmetry factor (resp. edge 
symmetry factor) of the graph. This is denoted by S'^rtex (resp. S^^ ). Furthermore, the 
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orders of the groups of vertex and edge automorphisms of a graph G, satisfy S'^ = S'^rtex ' •^'^ge 
(a proof is given in [6j, for instance). 

2 Elementary linear transformations 

We introduce some hnear maps and prove their fundamental properties. 

Given an arbitrary set W, by QW, we denote the free vector space on the set W over 
Q. That is, (a) every vector in QW yields a linear combination of the elements of W with 
coefficients in Q; (b) the set W is linearly independent. 

Let V = {uijigN and IC = {ea}aeN be infinite sets so that VCifC = 0. Fix integers t,s,k > 
and n > 1. Let L = {xi, . . . , x^} be a label set. By V"''^''^, we denote the set of all graphs with 
n vertices, cyclomatic number k and s external edges whose free ends are labeled xi, . . . ,Xs. 
In all that follows, let V = {vi, . . . , Vn} C V, K = {ei, . . . , et} C /C and E = E^^^ U E'cxt 
be the sets of vertices, of ends of edges and of edges, respectively, of all elements of 1/"''^''*. 
Also, let / : -Eoxt — ^ [K, L] be a labeling of their external edges. Moreover, by V^^^'^ and 
KTs'ctnn) we denote the subsets of 1/"''^'* whose elements are connected or disconnected graphs, 
respectively. Finally, by KLonn, Kfrntlo and V^ropioss, we denote the subsets of 1/^;^''' whose 
elements are biconnected, simple and loopless graphs, respectively. 

We now define the following linear transformations: 

(i) Assigning a loop to a vertex: Let G = {V,K,E) together with the maps ipi^t and ip^^t, 
denote a graph in y"'^-*. For alH E {1, . . . , n}, define 



where the graph G* = {V*, K*,E*); E* = E*^^ U E*^^, together with the maps ip*^^ and 
satisfies the following conditions: 

(a) V* = V; 

(b) K* = KU{et+i,et+2h 

(c) E* = E*^, U E:^,, where E*^, = i?,, U {6^+1,6^+2}, E:^, = E^^,; 

(d) V^fntbint = fint aud ( {ci+i , et+2 } ) = {vi}; 

(e) vLt = fo^f 

The tj-maps are extended to all of Ql/"'^'* by linearity. Since the map ti : (HiT/n.fc,* 
ti{Qy"''^'^) is injective, the operation of erasing a loop is given by t^^. 
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(ii) Connecting a pair of distinct vertices with an internal edge: Let G = (V, K, E) together 
with the maps 99;^^ and (^^xt) denote a graph in V'^'^'^; n > 1. For all i,j G {1, . . . ,n} 
with i ^ j, define 

where the graph G* = {V*, K*,E*); E* = E*^^ U E*^^, together with the maps ip*^^ and 
^p*^^, satisfies the following conditions: 

(a) V* = V; 

(b) K* = KU{et+i,et+2}; 

(c) E* = El, U where El, = E,^, U {e^+i, et+2}, E^^, = E^^,; 

(d) '/^Lbint = fint and ipl,{{et+i,et+2}) = {vi,Vj}; 



The /jj-maps are extended to all of QV""' ''"^ by linearity. Since the map : 
Zij(Qy"''^'*) is injective, the operation of erasing an internal edge distinct from a loop is 
given by l~j. Furthermore, for n > 1 (resp. n > 2) and for all z, j G {1, . . . , n} with i ^ j, 
define l^ij := kjoSij (resp. Z^j := o (id - Sij)), where id : QF"''^'* ^ QF"-*^.^ is the 

identity map and Si : QV''''' QV'''''; G^ \ ^ . '"^^ ^ ^^int(^int) 

'■^ [0 otherwise 

is a linear map. 

(iii) Splitting a vertex in two and distributing the ends of edges assigned to the split vertex, 
between the two new ones in all possible ways: Let G = {V, K, E) together with the maps 
Vint '■= V'-'C and (^ext) denote a graph in y"-'^'*. Let Ci C E he the set of edges connected 
to the vertex Vi € V; i € {1, . . . , n}. Also, let Cint,i and /^cxt,« be the subsets of Ci whose 
elements are internal edges or external edges, respectively. Hence, £j = >Cint,i U >Cext,j 
and Cint,i n >Cext,j = 0- Moreover, let £i C K he the set of ends of edges assigned to 
the vertex Vi. Also, let <Si„t.t and S^^t.i be the subsets of £i whose elements are ends 
of internal edges or ends of external edges, respectively. Thus, £i = Sint.i U £^ext.i and 
£int,i n fext.i = 0. Let [£i,f := C,^,^i n [£,^,£ and £l,^^ := ^intA^r Finally, let T|. 
denote the set of all partitions of the set £i into two disjoint sets: X|, = {{£j^^\ £^'^^ } : 
£['^ U £f^ = £, and £^P n £f^ = 0}. Clearly, £f^ = £^^ U £^^ b G {1, 2}. Also, a 

partition of the set £e^t,i, generates a partition of the set £ext,i- Hence, ^ C [£^^li, K]. 
In this context, for alH G {1, . . . , n}, define 

S£. : qv''^'''' ^ Qyn+i.fc-i,^ u Qy^+i.'^.*; G ^ V ^(2), , 
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where the graphs G, m (2), = {V*,K*,E*); E* = E*^^ U E'*^^, together with the maps 
and V9*^t, satisfy the following conditions: 

(a) = yuK+i}; 

(b) iT* = K; 

(c) i?* = El, U where = E,^, and ii;:,, = E^^,- 

(d) 92*„t = ^* ° C*, where 

\-Cint,i l-Eint\^int,i ' 

C*(£..,A[CJ') = where V C 

r?*([C[;,),F'] U = {v.} and r/*([<;5,y'] U \8'^) = where 

(e) </'cxtli?ext\£cxt., = V^oxtlB^^AAxt,. and (/'LC'C^.i) = {^^J. = {vn+i}- 

The S£:--maps are extended to all of Ql/"''^'*' by linearity. Moreover, we define the s'^s^- 
maps (resp. s'^£:--maps) by restricting the image of ss^ to QV^o^^'*^""^'** (resp. QK^stonn'**)- 

Furthermore, let ■ := lij o . . . o /j j, where p is an integer. We now combine the l^j^^i 

p times 

and S£:.-maps to define the maps 

o^^^ := IP o sf. : OF"''^'* QYn+i,k+p-i,s 

2(/9 — 1)! '"^ '^ti • ^i'' 

For p = 1, the definition of qf^ generalizes the basic operation given in [2] to all partitions 
of the set £i into two sets E^^^ and E^f'^ , and to all vertices of the graph. Analogously, 
the g^^''^-maps (resp. Qj'^^^^-maps) are given by the composition of with s'^^. (resp. 

(iv) In addition, we revise the operation of contracting an internal edge connecting two 
distinct vertices, and fusing the two vertices into one [1]: Let G = {V,K,E) together 
with the maps ipi^t and (p^^t, denote a graph in y"-^'*; n > 1. Let {ea,ea'} € -Eint denote 
an internal edge connecting two distinct vertices, say, Vi,Vj G V; i,j G {1, . . . ,n} with 
i < j. Let Cintj, jCoxtj and Si^tj denote the sets of internal edges, of external edges 
and of ends of internal edges, respectively, assigned to the vertex vj. Let [S'^^j]'^ '■= 
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>Ci„tj n %^t,3?. Finally, let [V ,Vj] := y'intC-Ci.tjXif^L,/) ^ [V\{vj},Vj]. In this context, 
define 

dj : QV'''''' qy-^'''''; G^G* , 

where the graph G* = {V*, K*,E*); E* = E*^^ U E*^^, together with the maps (p*^^ and 
ip*^t, satisfies the following conditions: 

ia)V* = Xv{V\{vj}),whei:exv-vi>-^\ j^ ^! is a bijection; 



vi-i yi e {j + 1, . . . ,n} 

{Eh V6 € {1, . . . , min(a, a') — 1} 

Cb-i V6 € {min(a, a') + 1, . . . , max(a, a') - 1} 
66-2 V6 G {max(a, a') + 1, . . . , 

is a bijection; 

(c) = E*^, U where E*, = E,^,\{ea, e„.} and = E,^,; 

(e) ^axtlEext\£extJ = <^ext |E,.t\/:ext,.- ^nd ^t.ti^e.tj) = {Vi} ■ 

The Cj^-maps are extended to all of QV"'''^'' by linearity. 

(v) Distributing external edges between all elements of a given subset of vertices in all pos- 
sible ways: Let G = {V,K,E) together with the maps ipi^^ and ip^^t, denote a graph in 
Yn,k,s_ y/ ^ 1^^^^ ■,Vz„,} C V; with 1 < zi < ■ ■ ■ < Zn' < n. Let i^' C /C be a 
finite set so that KnK' = Also, let E'^^^ C [iv:']^; card(£;^^J = s'. Assume that the 
elements of E'^^^ satisfy {ea,ea'} fl {eb,ef,i} = 0. Let L' = {xg+i, ■ ■ ■ ,Xs+s'} be a label 
set so that L fl L' = 0. Also, let I' : E'^^^ [K', L'] be a labehng of the elements of E'^^^. 
Finally, let Xp, denote the set of all partitions of the set E''^^ into n' disjoint subsets: 

cxt 

x«: ={{i?£\...,ii;l?')}:i?:«u...uii;±') = and E:!^nE:!£> = $,yi,j e 

cxt 

{1, . . . ,n'} with i / j}. In this context, define 



ext ext J 



where the graphs G.^,(i) = {V*,K*,E*); E* = E*, U E*^^, together with the 

l^ext >---)-C'ext J 

maps ip*^^ and p^^^, satisfy the following conditions: 

(a) V* = V; 

(b) K* = KU K'; 

(c) E* = El, U E:^,, where E*, = E,^,, El^, = E^^, U Ei^,; 
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(d) = 'Pint] 

(e) V^LUcxt = V'oxt and (/^Ll^'lit^) = {^'^J, Vi €{!,.. . ,n'}; 

(f) I* : E*^^ [K*,L U L'], with rie^^t = / and 1*\e' = I', is a labeling of the elements 



The ^,y-niaps are extended to all of QV^' by linearity. 

(vi) Assigning external edges to vertices which have none: Let G = (y,K,E) together with 
the maps </?int and ^Pext: denote a graph in V^"'^'*. Assume that there exists a set V' C V', 
card(y) = s' so that V fl (Pext(-Sext) = 0- Moreover, let K' c K. he a finite set so 
that K riK' = iD. Also, let E'^^^ C card(£;'^J = s'. Assume that the elements of 

satisfy {6^,6^/} n {66,65/} = 0. Let L' = {xg+i, ■ ■ ■ ,Xs+s'} be a label set so that 
L n L' = 0. Finally, let I' : E'^^^ [K' , L'] be a labeling of the elements of E'^^^. In this 
context, define 

^K.t '■ Q^"'*"'* ^ qYn,k,s+s'. Gi-^G* , 

where the graph G* = {V*,K*,E*); E* = E*^^ U E*^^, together with the maps ip*^^ and 
ifil^^, satisfies the following conditions: 

(a) V* = V; 

(b) K* = K\J K'; 

(c) E* = El^ U El^, where E*, = E,^,, E^^^ = E^^, U E[^^- 

(d) Vtt = fint] 

(e) ftJE^^t = 9^oxt and 93lt(£^exJ = is a bijection; 

(f) I* : E*^^ [K*,L U L'], with l*\Ee^t = ^ ^^d = I', is a labeling of the elements 

The e^' ^-maps are extended to all of Qy^'*^'* by linearity. 

The following lemmas are now established. 

Lemma 1. Fix integers k,s > and n > 1. Then, for all i,j G {1, . . . ,n} with i 7^ j, the 
following statements hold: 

(a) U{QV:;t'^) C QK:;^l'^■ 

(b) kMV2£.'') ^ QK:^/''^• 

(c) gJ^)(QK:i'^) c QKlV''=+''-i'^ 
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Proof, (a), (b) Clearly, the statements hold, (c) Let G = {V,K,E) together with the maps 
</7int and (/?ext) denote a graph in V'^'^'^. Let £i denote the set of ends of edges assigned to the 
vertex Vi € V. Apply the map S£. to the graph G. In particular, S£. (G) is a linear combination 
of graphs, each of which is either connected or disconnected with two components. Applying 
the „^^-map to s^. (G) yields connected graphs. This completes the proof. □ 

Lemma 2. Fix integers k,,s >0 and n > 1. Let G = {V,K,E) together with the maps (pint 
and ife^t, denote a graph in y"'^-* which is not simple. Then, for all i,j G {1, . . . ,n} with 
i ^ j, the following statements hold: 

(a) i\jiG) i m^^X^^'; 

(b) qf'\G) ^ qvZ]:''\ 

Proof, (a) Clearly, the statement holds, (b) For = 0, the statement holds as the (/f*'^^- 
maps produce trees only from trees. Now, let n > 1 and A; > 0. By assumption, the graph 
G has at least either one loop or nniltiplc edges. Let £i denote the set of ends of edges 
assigned to the vertex Vi € V. Apply the s'^^-.-map to graph G. In particular, s'^£^{G) is a 
linear combination of disconnected graphs, each of which is produced from the graph G by 
assigning all ends of internal edges belonging to the same cycles, from the vertex Vi to either 
Vi or Vn+i. Therefore, at least one of the two components of the graphs in s'^g.(G), is not 
simple. Applying the Zj^^+i-map to s'^£^{G) cannot produce simple graphs. This completes 
the proof. □ 

Lemma 3. Fix integers k,s > and n > 1. Then, for all i,j G {1, . . . ,n} with i ^ j, the 
following statements hold: 

(a) i\mv:^x) c Qv::!:t'''; 
(h) qf\w:tf.)^wz]i'''- 

Proof. Applying the l^i^j or g^-^^-maps to a simple graph cannot introduce loops nor multiple 
edges. □ 

Lemma 4. Fix integers k,s > and n> 1. Let G = {V,K,E) together with the maps (fi„t 
and (p^^t, denote a graph in V'^''^'^ which is not biconnected. Then, for all i & {1,. . . ,n}, the 
following statements hold: 



n,k+l,s . 



(a) ti{G) ^ QK 



(b) qf\G)iW:X±'''. 
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Proof, (a) Clearly, the statement holds, (b) First, by definition all connected graphs with 
only one vertex are biconnected. Consequently, the g^-^^-maps produce biconnected graphs 
with two vertices only from biconnected ones. Now, let n > 1. By assumption, the graph G 
has at least one internal edge which does not belong to any cycle. Therefore, it connects two 
(distinct) vertices that must be connected together with only one internal edge. Let these 
vertices be Vi,Vj £ V; i,j G {1, . . . ,n} with i ^ j, for instance. Apply the g^-^^-map to the 
graph G. In particular, q^^\G) is a linear combination of graphs, each of which is so that 
the vertex vj is connected with only one internal edge either to Vi or Vn+i (but not to both). 
Clearly, only cycles containing the vertex Vi, are affected by the gj^^-map. That is, the vertex 
Vj cannot share a cycle with neither of the vertices Vi or Vn+i- Hence, the graphs in q^^\G) 
are not biconnected. This completes the proof. □ 

Lemma 5. Fix integers k,s > and n > I. Then, for all i € {l,...,n}, the following 
statements hold: 

(a) t,{qv,::t:) c qv:±t''\- 



conn 



Proof, (a) Clearly, the statement holds, (b) Let G = {V, K, E) together with the maps ipi^t 
and (/?ext , denote a graph in K?c'onn • Let £i denote the set of ends of edges assigned to the vertex 
Vi G V. Apply the s^^.-map to the graph G. In particular, s^£-{G) is a linear combination 
of graphs, each of which is produced from the graph G by transforming one or more cycles 
containing the vertex Vi, into paths whose end point vertices are Vi and Vn+i- Moreover, every 
way to assign the remaining ends of internal edges in the process, from Vi to either Vi or Vn+i, 
defines new cycles. Therefore, applying the Zi^„+i-map to s^£.{G), restores the broken cycles 
and yields biconnected graphs. This completes the proof. □ 



3 Arbitrary connected graphs 

The present section has substantial overlap with Section II of [6j. Its main result is a recursion 
formula to generate all connected graphs directly in the algebraic representation rooted in 
[5]. Here, we formulate that formula on the level of graphs. In a recursion step, the formula 
yields the linear combination of all graphs having the same vertex and cyclomatic numbers. 
Moreover, the sum of the coefficients of all graphs in the same equivalence class, corresponds 
to the inverse of the order of their group of automorphisms. Notice that in [5l[6], the ordering 
of the vertices is not explicitly taken into account. That is, only one representative of each 
equivalence class is considered, the coefficient of such graph being given by the sum of the 
coefficients of all graphs in the same equivalence class. 
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We use the ti and q\ -maps defined in the preceding section to recursively generate all 
connected graphs. 

Theorem 6. Fix an integer s > 0. For all integers k >0 and n > 1, define cj"''^'* G QKonn'* 
by the following recursion relation: 

• uj^'^'^ is a single vertex with s external edges whose free ends are labeled xi, . . . ,Xs, and 
unit coefficient; 

\i=i i=i / 

Then, for fixed values of n and k, cj"''^'** = V n,fc,s qg G; € Q and ac > 0; for all 
G € y^^^ ■ Moreover, ^Qiz-^ otc = 1/5''^, where ^ C V"^^'* denotes an arbitrary equivalence 
class of graphs and S"^ denotes their symmetry factor. 

In the recursion equation above, the ti summand does not appear when k = 0. In par- 
ticular, for A: = 0, formula ([1]) specializes to recursively generate all trees. Moreover, formula 
([T]) is an instance of a double recursion. Therefore, its algorithmic implementation is that of 
any recursive function that makes two calls to itself, such as the defining recurrence of the 
binomial coefficients. 

Proof. The proof is nearly the same to that of Theorem 10 of [6]. The procedure is also very 
analogous to the one given in [5] . We translate every lemma given in Section II of the former 
paper to the present setting. 

Lemma 7. Fix integers s,k > and n > 1. Let uj"^'^'^ = n,k,a acG G QKon^''* 

Cjfc V conn 

defined by formula ([2]j. Then, ac > for all G G V""^^'*. 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the result to hold for an arbitrary number of internal edges m — 1. 
Let G = {V, K, E) G VrJf] E = E^^, U E,^„ m = card(^i„t) = k + n - I, together with the 
maps ipint and f^^t, denote a graph. We show that the graph G is generated by applying the 
tj-maps to graphs occurring in uj^^''~'^'^ = ^ jg*G*; 7g* G Q, or the g-^^-maps to 

^^conn 

graphs occurring in = V Pg'G'; /3g' G Q: 

— ^ t Vconn 

(i) Suppose that the graph G has at least one vertex with one or more loops. Let this 
vertex be t'j G i G {1, . . . , n}, for instance. Erasing any loop, yields a graph t~[^{G) G 
QKonn"^''*- By induction assumption, 7^-1^^^ > 0. Hence, applying the tj-map to the 
graph t^^{G) produces again the graph G. That is, qg > 0. 
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(ii) Suppose that the graph G has no loops. There exists i € {1, . . . , n — 1} so that {vi, f„} G 
V5int(-Eint)- Applying the Ci,„-map to the graph G yields a graph Ci,„(G) e QK""^''"''*- By 
induction assumption, Pc^„{G) > 0- Hence, applying the g^-^'^-map to the graph Ci^n{G), 
produces a linear combination of graphs, one of which is the graph G. That is, ac > 0. 

□ 

What remains in order to prove Theorem [H] is to show that the sum of the coefficients of 
all graphs in the same equivalence class, is given by the inverse of their symmetry factor. We 
start with a more restricted result. 

Lemma 8. Fix integers k > 0, n > 1 and s > n. Let 'tf C y";^'** denote an equivalence class. 
Let G = {V, K, E); E = E^^^ U E^^t together with the maps (pi^t and f^^t, denote a graph in . 
Assume that V rKp^^JE^^t) = V. Let uj'^'^^'^ = V „,fc,s acG e QKo;^'* defined by formula 
(OP. Then, X^Gg'?? '^G ~ '^/^'^ > where S''^' denotes the symmetry factor of every graph in . 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the statement to hold for a general internal edge number m — 1. 
Consider the graph G = {V, K, E) € 'tf; E = Ei,-,^ U E^^t, 'm = card(£'int) = k + n — 1, together 
with the maps ^9;,^^ and (/?cxf By Lemma [TJ the coefficient of the graph G in to"-^^^^ is positive, 
i.e., ac > 0. We proceed to show that YIg&^'^g = l/S'^. In particular, the graph G G is 
so that every one of its vertices has at least one (labeled) external edge. That is, the graph 
G has no non-trivial vertex symmetries: S'^rtex = 1- Hence, S'^ = S'f^^^ as any symmetry is 
an edge symmetry. We check from which graphs with m — 1 internal edges, the graphs in the 
equivalence class ^ are generated by the recursion formula ([T]), and how many times they are 
generated. To this end, choose any one of the m internal edges of the graph G (z^: 

(i) If that internal edge is a loop, let this be assigned to the vertex Vi € V; i € {1, . . . , n}, 
for instance. Also, assume that the vertex Vi has exactly 1 < t < k loops as well as x > 1 
external edges whose free ends are labeled Xa^, . . . ,Xa^, with 1 < ai < • • • < o^^ < s. 
Erasing any one of these loops yields a graph t^^{G) whose symmetry factor is related 
to that of G G via = 5'^/(2t). Let w^-'^-i'^ = V 7g*G* ;7g* G Q. 

^ t V conn 

Also, let £/ C V2^~^'^ denote the equivalence class containing t^^{G). The tj-map 
produces the graph G from the graph t~^{G) with coefficient a*Q = 7f-i(c) G Q. Each 

vertex of the graph t~^{G) has at least one labeled external edge. Hence, by induction 
assumption, ^g'.gt/TG* = l/S** ^'^^ = 1/S''^. Now, take one graph (distinct from the 
graph G) in in turn, choose one of the loops of the vertex having x external edges 
whose free ends are labeled Xq^, . . . , Xa^, and repeat the procedure above. We obtain 

* 1 2t 

"G = 2^ = ^ = ^■ 

GG-r G*e£/ 
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Therefore, the contribution to ^q^<^ o-q is r/ (m • S"^). Distributing this factor between 
the r loops considered yields l/(m • S"^) for each loop. 

(ii) If that internal edge is not a loop, let this be connected to the vertices, Vi^Vj G V\ 
i, J G {1, . . . , n} with i < j, for instance. Also, assume that Vi has r' > loops as well as 
r > 1 external edges whose free ends are labeled Xa^, . . . , Xa^, with 1 < ai < ■ ■ ■ < ar < s, 
while Vj has t" > loops as well as r' > 1 external edges whose free ends are labeled 
Xft^ , . . . , Xft , , with 1 < bi < ■ ■ ■ < br' < s and ^ b^' for all z G {1, . . . ,r}, z' G 
{!,..., r'}. Finally, assume that the two vertices arc connected together with p > 1 
internal edges, so that 1 < t' + t" + p < k + 1. Contracting any one of these internal 
edges, yields a graph Cij{G) whose ith vertex, has /x := r' + r" + p — 1 loops as well as 
r+r' external edges whose free ends are labeled Xa-^ , . . . , Xa,. ,Xj,^,. . . , Xf,^, . Consequently, 
the symmetry factor of the graph j (G) is related to that of G G ^ via 

}_}_GC^,j(G) ^ ^ 1 1 

2M p.\ 2^"r"! p! ' 

Let a;"-^''^'^ = V„,^,,n-i,fc,a /3g'G' ; /3g' G Q- Let ^ C V""^'*^'^ denote the equivalence 

(_r t Vconn 

class containing Cij{G). Applying the ql^^-map to Cij{G) yields a linear combination of 
graphs, one of which, is isomorphic to the graph G. To calculate the coefficient a^, G Q 
of such graph in that linear combination, we need to count the number of different ways 
to distribute the 2iJ, + r + r' ends of edges assigned to the vertex Vi, between the two new 
ones, so that one vertex is assigned with r external edges whose free ends are labeled 
Xa■^, ■ ■ ■ ,Xa^, as well as t' loops, the other is assigned with r' external edges whose free 
ends are labeled by , . . . , Xb^, , as well as r" loops, while the remaining p — 1 internal 
edges are employed to connect the two vertices together. Now, there are two ways to 
assign the given r external edges to one vertex and the given r' external edges to the 
other. Moreover, there are (^,) = ways to assign both ends of r' internal edges 

chosen among the p internal edges in the process, to the vertex with the aforesaid r 
external edges. Besides, there arc {^^^,J ) = ^^J-^_J"„^^',^„, ways to assign both ends of r" 
internal edges chosen among the p — t' internal edges in the process, to the vertex with 
the aforesaid r' external edges. Finally, there are two ways to distribute one end of each 
of the remaining p — 1 internal edges, per vertex. This yields 2''"^ ways to connect the 
two new vertices together with p — 1 internal edges. The final result is given by the 
product of all these factors. Hence, there are 

{p - t')\t'\ (p -t'- t")\t"\ t'\ t"\ (p - 1)! 

ways to distribute the 2p + r + r' ends of edges between the two new vertices in order to 
produce a graph in the equivalence class ^. Hence, u'q = 2f~^ T'\T"\(p-i)\ ^ci j(G)- Each 
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vertex of the graph Ci,j{G) has at least one labeled external edge. Thus, by induction 
assumption, Y^g'&^J f^G' = l/'S*^'-^'-'^^ = Now, take one graph (distinct from G) 

in ^ in turn, choose one of the internal edges connecting together the pair of vertices 
so that one vertex has r external edges whose free ends are labeled Xa-^ , • • • , Xa^ , while 
the other has r' external edges whose free ends are labeled Xh^ , ■ ■ ■ , xi,^, , and repeat the 
procedure above. We obtain 



= Eft" 



2P-1 

2P-1 
P 



T'\T"\{p-\)\ ^^^^ 

T'!r"!(p-1)!5-^ 

li\ T'W'lpl 1 



r'!r"!(p-l)! fil 2P-^S'^ 



Therefore, the contribution to X^gg'^'^G' is p/{m- S'^). Distributing this factor between 
the p internal edges considered yields l/(m • S'^) for each edge. 

We conclude that every one of the m internal edges of the graph G contributes with a 
factor of l/(m • S"'^) to X^cg^OG- Hence, the overall contribution is exactly l/S*^. This 
completes the proof. □ 

^fc,n,n satisfies the following property: 

Lemma 9. Fix integers k,s > and n > 1. Let o;"''^'* = X] „ , ,„,fc,s ac C € QKmrn'** 

^ conn 

defined by formula (Op. Let K' d K. he a finite set so that K n K' = ij}. Let E[^^ C [K']'^ ; 
card(£''^J = s' . Also, assume that the elements of E[^^ satisfy {e;,, e;,'} n {cc, Cc'} = 0. Let 
L' = {xs+i, . . . , Xg+s'} be a label set so that L n L' = 0. Let I' : E[^^ [K', L'\ be a labeling of 
the elements of E[^^. Then, u'^'^^^^'' = ^c^^^y (w"''"'"). 

Proof. Let E^^^ := E^^t^UE'^^^ be the set of external edges of all graphs occurring in £ 
QK:omi^''^'*~''* • Let V = {vi, . . . ,Vn-i} be their vertex set. Let £i be the set of ends of edges 
assigned to the vertex Vi £ V; i £ {!,... ,n — 1}. Let <Soxt,i be the subset of Si whose elements 
are ends of external edges. Also, let £cxt,i be the set of external edges assigned to the vertex 
Vi. Finally, let C^^^^^ := E[^^ n card(£:^, J = s* , and E*^^^^ := £,^,,i n C^^^^. In this 

context, for all i € {1, . . . , n — 1}, the S£:--maps yield as Sf- = . |„- ^,^1 o s'c-_\c* , where 

the maps s' : QKonT^'"'""^"' ^ Qy".fc-i.^+^'-^* u Qy".fc.^+^'-^* are required to produce 
graphs with external edge set E*^^^\C*^^^, from graphs with external edge set E*^^. Clearly, 
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^E'^^,y = ^c:^,,M,-r.} ° ^E'^^M'^^,,y\{v.,v„}- Hence, the equality uj^'^''+'' = ^Ei^^yiu;^^"^') 
follows immediately from the recursive definition ([T]). □ 

We now proceed to show that V „,fc,s ac = 1/5''^) where ^ C K"'^''' denotes any 

V conn 

equivalence class. 

Lemma 10. Fix integers k > and n > 1. Let C V^^'^^f denote an arbitrary equivalence 
class. Let w"''^'* = X^ggV"'*'' '^'^ ^ ^ defined by formula HP. Then, X^Ge"^ '^G = 

, where S'^ denotes the symmetry factor of every graph in . 



Proof. Choose a graph G = {V, K, E) G E = E^^t U E^^^, together with the maps ipi^t and 
(/Jcxf If Vcxt (-E'cxt ) = y, we simply recall LemmaO Thus, we may now assume that there exists 
a set V C V; card(F') = s' so that V n (/'ext(^ext) = 0- Let K' C IC he a finite set so that 
KnK' = (l>. Also, let El^, C [K']'^; card(S^^J = s'. Assume that the elements of E'^^^ satisfy 
{ef,,eft/} n {ec,ec'} = 0. Also, let L' = {xg+i, ■ ■ ■ ,Xg_^_gi} be a label set so that L n L' = 0. 
Finally, let /' : E'^^^ [K', L'] be a labeling of the elements of -E'^f Now, apply an e^' ^-map 
to the graph G. Let & C V^^^f^'*^*' denote the equivalence class containing e^'^^^iG). Let 
n,k,s+s' ^ Y.c'^v-^>^-+^' (^G'G'-,[iG' G Q- By Lemma El Eg'gS^/^G' = l/S'^'^J""^ = 1/5^. 

^ t vconn 



Since, in general, the e^' ^-niaps are not uniquely defined, assume that there are T distinct 
maps e^i^i , / € {1, . . . , T} so that e^^, (G) € Clearly, f5 (o , , = ac > 0. Therefore, by 

repeating the same procedure for every graph in ^ and recalling Lemma [9l we obtain 

Y.f^<^' = Y.Y. ^.c; (G) = ^ E «G = • 

G'&@ 1=1 Ge^ ^t:"' Gg"^ 

That is, '^gg'^'^g = 1/(2^ ' 5"^). Now, every map e^^ defines a vertex symmetry of the 

cxt 

graph G. This can have no more than these vertex symmetries, since the vertices that already 
carry (labeled) external edges, are distinguishable and thus held fixed under any symmetry. 
Hence, S'^rtex = ^vertex = ^- Moreover, = = 'S'edge- Finally, from the identity 

S"^ = ^fertex ' Sf^^„ folloWS that ^GG^^ «G = l/S'^- □ 

□ 



Appendix [Xl shows the result of computing all mutually non isomorphic connected graphs 
without external edges as contributions to u>"''^'^, for internal edge number m = k + n — 1 < 3. 
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4 Extensions 



We generalize the recursion formula ([T|) to biconnected, simple and loopless connected graphs. 
These three results were not obtained in previous papers, using the Hopf algebraic approach 
given in O [6] . 

4.1 Biconnected graphs 

By Lemmas m and [5l Theorem [6] specializes to biconnected graphs by replacing the g^^^-maps 
by the q^^^^-maps in formula ([T]). 



Theorem 11. Fix an integer s > 0. For all integers k > and n > 1, define p'^''^'^ g \£<' biconn 
by the following recursion relation: 

• P^'^'^ is a single vertex with s external edges whose free ends are labeled xi, . . . , Xs, and 
unit coefficient; 

1 /fi-i 1 n \ 

\i=l i=l J 

Then, for fixed values ofn and k, = YlneV"'''''' ^'^ ^' ^ ^ '^'^ ^ ^' ^ ^uconn- 

biconn 

Moreover, YlcG^if'^G = ^/S'^, where C Vj^'o™ denotes an arbitrary equivalence class of 
graphs and S'^ denotes their symmetry factor. 

For k = 1 and n > 1, formula ([2]) specializes to recursively generate a cycle with n vertices, 
s external edges whose free ends are labeled xi, . . . ,Xs, and coefficient l/(2n), from a cycle 
with n — 1 vertices, the given external edges and coefficient l/(2(n — 1)). 

Appendix [Blshows the result of computing all mutually non isomorphic biconnected graphs 
without external edges as contributions to for internal edge number m = A; + n — 1<4. 

4.2 Simple connected graphs 

We generalize Theorem[6]to simple connected graphs. To this end, we combine the g^^^^-maps 
with the /''jj-maps in formula ([1]). 

Theorem 12. Fix an integer s > 0. For all integers k > and n > 1, define o""''*^'^ € QVlzmX 
by the following recursion relation: 

• a^'^^^ is a single vertex with s external edges whose free ends are labeled xi, . . . ,Xs, and 
unit coefficient; 
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n— 1 n i—l 



k + n 



i=l 4=1 j=l 



Then, for fixed values of n and k, a""'^'^ = X^gfF"'*'''' '^'^ ^' ^ ^ ^'^^ ^ ^' •^^'^ '^^^ 

Simple 

G G V""mpfc- Moreover, YIg&^^g = 1/5''^, where ^ C T/^^^plf denotes an arbitrary equivalence 
class of graphs and S'^ denotes their symmetry factor. 

In the recursion equation above, the fiij summand does not appear when A: = and/or 
n = 2. 

Proof. The proof is very analogous to that of Theorem [6] . Actually, every lemma given in 
the preceding section remains valid by replacing cj"'^'* by o""'*''*. Here, we only state and 
prove the two lemmas corresponding to Lemmas [7] and [HI The rest of the proof is implied by 
analogy. 

Lemma 13. Fix integers s,k > and n > 1. Let a"''^'^ = X^ggV"'*'" '^gG € QV^J^^l^ be 

simple 

defined by formula Then, ac > for all G S V^mplf • 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the result to hold for an arbitrary internal edge number m — 1. 
Let G = {V, K, E) e Ki^ticJ ^ — U i^cxt, = card(£'int) = k + n — 1, together with the 
maps ifint and if^^t, denote a graph. We show that the graph G is generated by applying the 
/''jj-maps to graphs occurring in o""'^"^''* = ^„,^n,fc-i,3 Jg'G*; ^g* € Q, or the Q'^'^^'^^-maps 

simple 

to graphs occurring in cr"~^'^''^ = y^^/ci/"-!'*^-* Pg'G'; Pg* ^ Q- 

(i) If A; = 0, by Lemma [71 ac > 0. 

(ii) If A; > 0, choose any one of the internal edges of the graph G which belong at least to 
one cycle. Let this be connected to the vertices Vi,Vj; i,j G {1, . . . ,n} with i j, for 
instance. Erasing such internal edge, yields a graph l~j{G) E Q^s^l'ipJ^^'**- By induction 
assumption, 7^-1 > 0. Hence, applying the /^jj-map to l^j{G) produces again the 
graph G. That is, ac > 0. 

□ 

Lemma 14. Fix integers k > 0, n > 1 and s > n. Let C V^^^p]^ denote an equivalence 
class. Let G = {V,K,E); E = E^^tUE^^^t, together with the maps and tp^^, denote a graph 
in ^ . Assume that V n (p^^{E^^t) = V . Let cr"''^''' = Yjc^v"''''" 

be defined by 

simple 

formula Then, ^q^c^olg = 1- 
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Proof. The proof proceeds by induction on the internal edge number: m = k + n — 1. Clearly, 
the statement holds for m = 0. We assume the statement to hold for a general internal edge 
number m — 1. Consider the graph G = {V,K,E) E = E^^^ U -Ecxt, fn = card(-Eint) = 

k + n — 1, together with the maps (/Jint and v^cxt- By Lemma [T3l the coefficient of the graph 
G G is positive: > 0. In particular, S"*^ = 1 as the graph G is simple and every one of 
its vertices has at least one external edge. We proceed to show that Xlce'^'^G' = 1- To this 
end, choose any one of the m internal edges of the graph G^z'if: 

(i) If that internal edge does not belong to any cycle, by Lemma [8l it contributes with a 
factor of 1/m to J^Ge'if^G- 

(ii) If that internal edge belongs at least to one cycle, let this be connected to the vertices 
Vi,Vj G V; i,j G {1, . . . ,n} with i ^ j, for instance. Also, assume that Vi has r > 1 
external edges whose free ends are labeled Xa-^ , ■ ■ ■ , , with 1 < ai < • • • < a,. < s, while 
Vj has r' > 1 external edges whose free ends are labeled , • • • , xi,^, , with 1 < 6i < • • • < 
br' < s and ^ bz' for all z G {1, . . . , r}, G {1, . . . , r'}. Erasing the given internal edge 
yields a graph /. ^(G) so that S^^.^^^^ = 1. Let (t"''^-!'^ = ^ 7g*G* ;7g* G Q. 

simple 

Also, let £/ C Fg^pJ^^'** denote the equivalence class containing l^j{G). The l^ij-map 
produces the graph G from the graph l^j{G) with coefficient a*Q = li-~'i:i^Q-^ G Q. Each 

vertex of the graph l^j{G) has at least one labeled external edge. Hence, by induction 
assumption, Y1iG*&s/^g* = 1- Now, take one graph (distinct from G) in in turn, 
choose the internal edge connected to the vertex having r external edges whose free 
ends are labeled Xa^ , • • • , Xa^ , and to the vertex having r' external edges whose free ends 
are labeled x^^ , • • • , Xj,^, , and repeat the procedure above. We obtain 

Therefore, the contribution to Y^Ge'^'^G is 1/m. 

We conclude that every one of the m internal edges of the graph G contributes with a 
factor of 1/m to X^Ggc^OG- Hence, the overall contribution is exactly 1. This completes the 
proof. □ 

□ 

Appendix [Cl shows the result of computing all mutually non isomorphic simple connected 
graphs without external edges as contributions to o""'^''^, for internal edge number m = k + 
n - 1 < 5. 
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4.3 Loopless connected graphs 



The present section presents two algorithms to generate ah loopless connected graphs. The 
second one is amenable for direct implementation via Hopf algebras in the sense of O [6] . 

4.3.1 Main recursion formula 

We generalize Theorem [6] to loopless connected graphs. To this end, we replace the fj-maps 
by the /"jj-maps in formula ([1]). 



Theorem 15. Fix an integer s > 0. For all integers k > and n > 1, define 0"''^'* £ \t.y loopiess 
by the following recursion relation: 

• 0^'^'^ is a single vertex with s external edges whose free ends are labeled xi, . . . ,Xs, and 
unit coefficient; 



k + n 



^ I n— 1 n i—1 

\ i=l i=l 7 = 1 




Then, for fixed values of n and k, 9"^'^'^ = ckg G; € Q and ac > for all 

loopless 

G G V^ro^i- Moreover, YIg^'^^g = ^/S'^ , where C V^^^if^^ denotes an arbitrary equivalence 
class of graphs and S"^ denotes their symmetry factor. 

In the recursion equation above, the I'^i^j summand does not appear when A; = 0. 

Proof. As in the preceding section, every lemma given in Section [3] holds when stated for 
Qn,k,s _ Hence, we restrict the proof of Theorem [15] to the following two lemmas. 

Lemma 16. Fix integers s,k > and n > 1. Let ^"''^'^ = yn,fc,s acG £ QVi^opifss be 

loopless 

defined by formula (gj. Then, > for all G E Vj^Jp'^i. 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the result to hold for an arbitrary internal edge number m — 1. 
Let G = (y, K, E) G VJoopie^ja; E = E-.^^ U -Eextj nT- = card(£'int) = k + n — 1, together with the 
maps ifint and if^^t, denote a graph. We show that the graph G is generated by applying the 
/°jj-maps to graphs occurring in ^"-'^-i'* = ^ „,fe_i,s7G'*G*; jg* S or the ql^^-maps 

loopless 

to graphs occurring in Q^-^^^'^ = Yl^j, yu-i,k,s Pg'G'', Pg* ^ Q: 

loopless 

(i) Suppose that the graph G has no multiple edges. By Lemma El og > 0. 
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(ii) Suppose that the graph G has at least one pair of vertices, say, Uj, € V]i,j € 

with i ^ j, connected together by multiple edges. Erasing any one of those edges, yields 
a graph l^j{G) E QVJl'opirai''*- By induction assumption, 7^-1^^^ > 0. Hence, applying 

the /"jj-map to l~j{G) produces again the graph G. That is, ac > 0. 

□ 

Lemma 17. Fix integers k > 0, n > 1 and s > n. Let C Vj^'^J^^^^ denote an equivalence 
class. Let G = (y,K,E); E = Ei,^tUEg,,i, together with the maps (pi^t and ip^^t, denote a graph 
in Assume that V n ip,^t{E,^t) = V- Let 9'^'^^'' = X^GeV"-*'" G £ QVj^Jp'^^t be defined by 

loopless 

formula Then, Y^Q^^^ac = 1/5"^, where S'^ denotes the symmetry factor of every graph 
in'€. 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the statement to hold for a general number of internal edges 
m — 1. Consider the graph G = {V, K,E) € E = Ei,-,^ U E'^^t, rn = card(£'int) = k + n - 1, 
together with the maps (/^int and 99^x1 • By Lemma \T6\ the coefficient of the graph G G is 
positive: ac > 0. We proceed to show that Ylce^g'^G = l/S'^. To this end, choose any one 
of the m internal edges of the graph G 

(i) If that internal edge is the only one connecting a given pair of vertices together, by 
Lemma El it contributes with a factor of l/{m ■ S'^) to '^Q^^g olg- 

(ii) If that internal edge is one of the, say, 1 < p < + 1, multiple edges connecting together 
the vertices Vi^Vj € V\ i,j £ {1, . . . ,n} with i 7^ j, for instance, assume that Vi has r > 1 
external edges whose free ends are labeled Xa^, . . . ^Xari with 1 < ai < ■ ■ ■ < < s, 
while Vj has r' > 1 external edges whose free ends are labeled X},^ , • • • , , , with 1 < 
61 < • • • < 6,.' < s and / hz' for all 2; G {1, ... , r}, G {1, . . . , r'}. Erasing any one of 
the given internal edges yields a graph l~j{G) whose symmetry factor is related to that 

of the graph G G ^ via = S'^^/p. Let B""'^'^'' = ^ -/g*G* ;jg* G Q- 

loopless 

Also, let £/ C T^"opi7si'* denote the equivalence class containing l~j{G). The Z"jj-map 
produces the graph G from the graph l^j{G) with coefficient = 7;-i((j) G Q. Each 
vertex of the graph l^j{G) has at least one labeled external edge. Hence, by induction 

assumption, YliG*&e/'^G* = 1/5*''-^ = 1/5'^. Now, take one graph (distinct from G) 
in in turn, choose one of the internal edges connecting together the pair of vertices 
so that one vertex has r external edges whose free ends are labeled Xa-^ , . • • , , while 
the other has r' external edges whose free ends are labeled Xb^ , . . . ,Xh and repeat the 
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procedure above. We obtain 

Therefore, the contribution to X^ggc^ o-g is p/ {m ■ S"^). Distributing this factor between 
the p internal edges considered yields l/(m ■ S"^) for each internal edge. 

We conclude that every one of the m internal edges of the graph G contributes with a 
factor of l/(m • 5'^) to '^ceV '^c;- Hence, the overall contribution is exactly This 
completes the proof. □ 

□ 

4.3.2 Alternative recursion formula 

We present an alternative recursion formula for loopless connected graphs. The underlying 
algorithm is amenable to direct implementation using the algebraic representation of graphs 
given in O [6] . 



Theorem 18. Fix an integer s > 0. For all integers k > and n > 1, define 0"-''^'* £ \tyiooptess 
by the following recursion relation: 

• 0^'^'^ is a single vertex with s external edges whose free ends are labeled xi, . . . ,Xs, and 
unit coefficient; 



5l,A;,s 



-.= 0, k> 0; 



p=l i=l 

Then, for fixed values of n and k, ^"-'^'^ = '^Q^yn,k,s ac G; ac € Q and > 0; for all 

loopless 

G G V^Ilp^ii- Moreover, "YIiG&V^g = 1/5'^; where C V^^^if^^ denotes an arbitrary equivalence 
of graphs class of graphs and S"^ denotes their symmetry factor. 

Proof. As in the previous sections, every lemma given in Section [3] holds for ^"'^-^ Here, 
details are only given for the following two lemmas. 

Lemma 19. Fix integers s,k > and n > 1. Let ^"''"'^ = Y^ceV"'"'" ^^gG e QV;"„;';i be 

loopless 

defined by formula Then, ac > for all G € V^ro^i- 
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Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for 171 = 0. We assume the statement to hold for any internal edge number smaller than a 
fixed m> 1. Let G = {V,K,E) G Vi^^pl^^^; E = Ei^^UE^^^, m = card(£^int) = k+n — 1, together 
with the maps (pi^t and f^^t, denote a graph. We show that the graph G is generated by 
applying the ql^^'-maps to graphs occurring in ^"-i.'^+i-p.s = J^Qi^y^-i.k+i-p.s Pg'G'] Pg' ^ Q- 

loopless 

There exists z G {!,... ,n — 1} so that {vi, fn} G (-E'int)- Assume that the two vertices are 
connected together with I < p < k + 1 internal edges. Applying the map Ci^n ° ^In^ to the 
graph G yields a graph G' := (ci^„ o 1^^^){G) G Q^ro^icLs"^^^'''- By induction assumption, 

/9g" > 0. Hence, applying the ql^^-map to the graph G', produces a linear combination of 
graphs, one of which is the graph G. That is, ac > 0. This completes the proof. □ 

Lemma 20. Fix integers k > 0, n > 1 and s > n. Let C Vl^^'^l^^^ denote an equivalence 
class. Let G = {V,K,E); E = E„,^t^Eext, together with the maps (p^^t and tp^^, denote a graph 
in Assume that V n ip,,.tiE,,t) = V. Let ^"''^'^ = yu,k.s acG e QVt^^pif,, be defined by 

loopless 

formula Then, "^Q^c^ac = ^/S'^ , where S"^ denotes the symmetry factor of every graph 
in'i. 

Proof. The proof proceeds by induction on the internal edge number m. Clearly, the statement 
holds for m = 0. We assume the statement to hold for any internal edge number smaller than 
a fixed m > 1. Consider the graph G = {V,K,E) E = E,^^ U E^y.^; m = card(i?int) = 

k + n — 1, together with the maps fi^t and i/^cxt- By Lemma \T9\ the coefficient of the graph 
G G is positive: ac > 0. We proceed to show that J^Ge'^'^G = 1/5''^: Choose any one of 
the m internal edges of the graph G Let this be connected to the vertices Vi,Vj G V] 

i,j G {1, . . . , n} with i < j, for instance. Also, assume that Vi has r > 1 external edges whose 
free ends are labeled Xai, . . . ,Xa^, with 1 < ai < ■ ■ ■ < Ur < s, while Vj has r' > 1 external 
edges whose free ends are labeled , . . . , Xh^, , with 1 < 6i < • • • < 6^/ < s and ^ b^i for 
all z G {1, . . . G {1, . . . ,r'}. Finally, assume that there are 1 < p < k + 1 multiple 

edges connecting the vertices Vi and Vj together. Erasing p — 1 internal edges and contracting 
the final one, yields a graph G' = {cij o l\~^){G) whose symmetry factor is related to that 
of the graph G G ^ via S^' = ^5*^ . Let ^^^-i.fc+i-p.^ = V ,,„-i,fc+i_p.. ; G Q- 

P' ^Mooplcss 

Let =^ C l^oopie'ss"''^"''''* denote the equivalence class containing G' . Applying the qf'^-m.a.-p to 
the graph G' produces a graph isomorphic to the graph G with coefficient u'q = (^^fyr ^ Q.- 
Each vertex of the graph G' has at least one labeled external edge. Hence, by induction 
assumption, YLg'&SS I^G' = 1/5''^ = l/S"'^. Now, take one graph (distinct from G) in in 
turn, choose one of the internal edges connected to the vertex having r external edges whose 
free ends are labeled Xa^ , • • • , ■, and to the vertex having r' external edges whose free ends 
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are labeled x^j , . . . , Xb^ , , and repeat the procedure above. We obtain 

Therefore, the contribution to X^Gg'^'^g is p/^m ■ S"^) Distributing this factor between the p 
internal edges considered yields l/(m • 5*^) for each edge. 

We conclude that every one of the m internal edges of the graph G contributes with a 
factor of l/(m • S"'^) to X^cg-^OG- Hence, the overall contribution is exactly This 
completes the proof. □ 

□ 

Appendix [P] shows the result of computing all mutually non isomorphic connected graphs 
without external edges as contributions to 0"''^''^ or 0"^'^'^^ for internal edge number m = 
fe + n- 1 < 4. 

4.3.3 Algorithmic considerations 

The results of the present section can be seen as an extension of those of Section IV of [6], to 
loopless connected graphs. 

The two algorithms underlying the recursive definitions ([1]) and ([5|) given in Sections 
[3] and 14.3.21 respectively, are amenable for direct implementation using the Hopf algebraic 
representation of graphs given in [5l|6]. This representation can be used directly and efficiently 
in implementing concrete calculations of graphs. 

An important aspect for the efficiency of concrete calculations is to discard graphs that do 
not contribute. For instance, assume that one is only interested in calculating loopless graphs 
so that all vertices have a minimum degree, say, v > k + 1. In particular, in the recursive 
definition ([5|), the number of ends of edges assigned to a vertex changes after applying the q^^^- 
maps. The only graphs with degree 1 < p < + 1 vertices are those produced by the Sf.-maps 
when one of the new vertices receives no ends of edges at all. This, thus, acquires degree p after 
being connected to the other vertex with p internal edges. Hence, to eliminate the irrelevant 
graphs with degree v' < v vertices, replace the ^^''^-maps by qf^ -^^^ '■= 2(p-i)! ^in+i ° ^s'-^ ™ 

formula ([5]), where the s^-^^-maps are required to partition the set of ends of edges assigned 
to the vertex Vi, £i, into two sets whose cardinality is equal or greater than u — p. 

When considering loop graphs as well, we can no longer globally restrict the image of the 
maps q^j^^ = h^n+i ° S£- in formula ([T]). However, if we are interested in graphs only up to a 
maximal cyclomatic number, say, k' , we may still restrict the partitions of the set £i as part 
of the definition of the g^^^^-maps, in certain instances. These are precisely the instances when 
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a later application of the ij-maps to a graph cannot occur, i.e., when the graph has already 
the maximal cyclomatic number k'. 
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This appendix is the same as that of [6] . It shows ui"''''^ up to order n + k < A and computed 
via formula ([1]). All graphs in the same equivalence class are identified as the same. The 
coefficients in front of graphs are the inverses of the orders of their groups of automorphisms. 



A 



n = 1, A; = # 



n = 2,k = 



1 

2 



n = 1 ,k = 1 




n = 3 ,k = 



n = 2, A; = 1 



1 

2 
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n=lh=2 



n = 4,k = \ » » • • + ^ 



n = 1 , = 3 



B 

This appendix shows /J"'*^'" up to order n + A; < 5 and computed via formula ([2]). All graphs 
in the same equivalence class are identified as the same. The coefficients in front of graphs 
are the inverses of the orders of their groups of automorphisms. 



n = 1, A; = 



n = 1 , A; = 1 I 



n = 2,k=\ ^ 
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n=lh=2 



n = 3 ,k 



n = 4 , = 1 



n = 3 , A; = 2 



1 ^ «^ 



— 2 , /c — 2 27 CJ^LH© ~I~ 2-3! 



n = 1 , = 3 



A +^ A 



n = 2,fc = 3 ^ at»D + 2^ oiBi 
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c 

This appendix shows o""''^''' up to order n + A; < 6 and computed via formula ([3]). All graphs 
in the same equivalence class are identified as the same. The coefficients in front of graphs 
are the inverses of the orders of their groups of automorphisms. 
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n = 4, A; = 1 



n^2,k = \ 
n = 3,A; = 1 ^ 





+ 
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n = 4 , A; 



2 



D 



This appendix shows 0"-'^'^ or d"-'^'^ up to order n + k < 5 and computed via formulas ([3]) 
or dS]), respectively. All graphs in the same equivalence class are identified as the same. The 
coefficients in front of graphs are the inverses of the orders of their groups of automorphisms. 



n = l,A; = • 

n = 2,k = \ (^-^ 

n = 3 , k = i # # # 

n = 2 ,k = 1 ^ 0Z© 




k 



1, n 



3 



n = 2,k = 2 
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n — 5 ,k — 



n — 3 , k — 2 ^ ~'~ ^3 ^ ^ ^ + 3! 



n = 2,A; = 3 



1 

2-4! 
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